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Purpose: In this paper, the canonical formalism for plane rotation group SO(2) is presented.
Methods: The φ-Lagrangian method is applied in order to ﬁnd a Lagrangian that the Euler-Lagrange equations
would correspondingly coincide with the Lie equations.
Results: The canonical formalism for plane rotation group SO(2) is presented. The Lagrangian and Hamiltonian are
explicitly constructed.
Conclusions: We introduce a family of Lagrange functions on the plane rotation group and verify that
Euler-Lagrange and Hamilton equations associated to each of these functions must coincide with the Lie equations in
the Lie transformation group.
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Introduction
Canonical formalism for the plane rotation group SO(2),
considered as a toy model of the Hamilton-Dirac mechan-
ics with constraints [1], was introduced by the paper [2].
By introducing a Lagrangian in a particular form, canoni-
cal formalism for SO(2) was developed. The crucial idea of
this approach is that by introducing a Lagrangian in a par-
ticular form, the Euler-Lagrange and Hamilton canonical
equationsmust, in a sense, coincide with the Lie equations
in the Lie transformation group.
It is well known that if L is a Lagrange function on
a manifold and φ : R+ → R is a C∞ function, then
L¯ = φ(L) is a Lagrange function on the manifold. This is
a reason to introduce a new Lagrange function on SO(2)
(called φ−Lagrangian), such that the Euler-Lagrange and
Hamilton equations associated to the φ−Lagrangianmust
coincide with Lie equations of the Lie transformation
group.
First of all we introduce the Lagrange function deﬁned
in [2]. Let SO(2) be the rotation group of the real two-
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plane R2. The rotation of the plane R2 by an angle α ∈ R
is given by the transformation{
x′ = f (x, y,α) = xcosα − ysinα
y′ = g(x, y,α) = xsinα + ycosα.
We denote that in
f˙ = ∂α f , g˙ = ∂αg,
the inﬁnitesimal coeﬃcients of the transformation are{
ξ(x, y) = f˙ (x, y, 0) = −y
η(x, y) = g˙(x, y, 0) = x,
and the Lie equations read as{
f˙ = ξ(f , g) = −g
g˙ = η(f , g) = f .
The inverse problem is to ﬁnd a Lagrangian L(f , g, f˙ , g˙)












∂ g˙ = 0
© 2012 Azizpour; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.
AzizpourMathematical Sciences 2012, 6:31 Page 2 of 4
http://www.iaumath.com/content/6/1/31
correspondingly coincide with the Lie equations. In [2],
the Lagrangian L for SO(2) was deﬁned by
L(f , f˙ , g, g˙) = 12 (f g˙ − f˙ g) −
1
2 (f + g)
2. (1)
By using this function, we introduce two family of
Lagrangian functions and show that in each case, the
Euler-Lagrange equations coincide with the Lie equations.
These functions are the following:
(1) L¯ = φ(L), which is a Lagrange function where the
function φ is a function deﬁned in the next section
and
(2) L¯ = L + (f˙ + g˙).
Methods
φ−Lagrange function
It is well known that if L is a function on a manifold M,
i.e., (M, L), and a Lagrange space and φ : R+ → R is a
C3-diﬀerentiable function, then we can consider the com-
position L¯ := φ(L) which is a Lagrangian on M, called
the φ-Lagrangian associated to the Lagrange space [3].
Now we apply this method to construct new Lagrangian
andHamiltonian functions, i.e., a family of these functions
for SO(2) such that the Euler-Lagrange and Hamiltonian
equations coincide with the Lie equations.
To achieve this goal, let L be the Lagrangian deﬁned in
Equation 1 and if
L¯ = φ(L) (2)
















From Euler-Lagrange equations we have









φ′′(L) = 0. (3)
Thus, we have the following theorems.
Theorem 2.1. Let L be the Lagrangian in Equation 1
and L¯ = φ(L) the φ−Lagrangian associated to it. The con-
ditions under which the Euler-Lagrange equations coincide









φ′′(L) = 0. (4)
From now on we consider the φ−Lagrangian L¯ = φ(L),





′, s¯ = ∂L




Now we study the constrained system with constraint
equations of
φ1(f , g, p¯, s¯) = p¯ + g2φ
′ = 0, φ2 = s¯ − f2φ
′ = 0. (6)
Let L¯ = φ(L) be a given φ−Lagrangian as above; the
Hamiltonian H¯ constructed from it can be deﬁned by
H¯ = p¯f˙ + s¯g˙ − φ(L) + λ1φ1(f , g, p¯, s¯) + λ2φ2(f , g, p¯, s¯)
(7)
where λ1 and λ2 are the Lagrange multipliers.
Theorem 2.2. If λ1 = −g and λ2 = f , then the
Hamiltonian equations
f˙ = ∂H¯







coincide with Lie equations.
Proof. From the deﬁnition we have
f˙ = ∂H¯
∂ p¯ = f˙ −
∂L¯
∂ p¯ + λ1.
Using the equations − g2 = p¯φ′ and − f2 = s¯φ′ in L, we
obtain that ∂L¯
∂ p¯ = f˙ . So we have f˙ = λ1.




2 g˙ − (
1
2 g˙ − f )φ
′ + (s¯ − f2φ
′) − f φ
′
2 } = −s¯,
˙¯s = −{−φ
′
2 f˙ − (−
1
2 f˙ − g)φ
′ − φ1 − g φ
′
2 } = p¯.





2 − g2 ∂φ
′
∂α
= − g˙2φ′ and ˙¯s = f˙2φ′, so
from ˙¯p = −s¯ we conclude that g˙ = f . Also from ˙¯s = p¯, we
get f˙ = −g.
The Poisson brackets of the observable F and G are
deﬁned by
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˙¯s = {F , H¯}.
For example, given the Hamiltonian H¯ deﬁned in
Equation 7 with λ1 = −g and λ2 = f and the constraint
















∂ s¯ = φ˙.
(9)
Deﬁnition 2.1. The observable A and B are called
weakly equal if
(A − B)|φ1=0=φ2 = 0.
In this case we write A ≈ B.
Let H¯ be the Hamiltonian deﬁned in Equation 7; the Lie
equations read as
f˙ ≈ ∂H¯







and in the Poisson-Hamilton form, we have
f˙ ≈ {f , H¯}, g˙ ≈ {g, H¯}, ˙¯p ≈ {p¯, H¯}, ˙¯s ≈ {s¯, H¯}.
Theorem 2.3. Let H¯ be a Hamiltonian with λ1 = −g
and λ2 = f . The constraints of SO(2) satisfy the relations
{φ1,φ1} = 0 = {φ2,φ2},







{φ1, H¯} ≈ φ˙1 = 0, {φ2, H¯} ≈ φ˙2 = 0.
Proof. The ﬁrst two equations are trivial. According to
Equation 9 we have {φ1, H¯} ≈ φ˙1. Since φ1 = 0, so φ˙1 = 0.
In a similar manner we can prove {φ2, H¯} ≈ φ˙2 = 0.
Results and discussion
L¯ = L + f˙ + g˙
In this section we consider the case that L¯ = L + f˙ + g˙,
where L is the Lagrangian deﬁned by Equation 1. We use
the method similar to the previous section and show that
the Euler-Lagrange equations and Hamiltonian equations
coincide with the Lie equations. Using this Lagrangian,








2 f˙ − g
∂L¯
∂ f˙




2 f + 1.
These relations show that according to the previous
section, the Euler-Lagrange equations coincide with the
Lie equations.
Now, we want to construct the Hamiltonian function H




, s¯ = ∂L¯
∂ g˙ ,
then p¯ = − 12g + 1 and s¯ = 12 f + 1. If we consider the
following constrained system with two constraints
φ1 = p¯ + 12g − 1 = 0, φ2 = −¯
1
2 f − 1 = 0,
then the Hamiltonian function can be deﬁned as
H¯ = p¯f˙ + s¯g˙ − L¯ + λ1φ1 + λ2φ2.
In order to show that the Hamiltonian equations coin-
cide with the Lie equations, we need to compute the
following equation:
f˙ = ∂H¯







By diﬀerentiating L¯ with respect to p¯ and substituting
− g2 = p¯ − 1 and f2 = s¯ − 1 in Equation 1 and computing
f˙ = ∂H¯
∂ p¯ , we obtain that
∂L¯
∂ p¯ = f˙ .
From f˙ = ∂H¯
∂ p¯ , we conclude that λ1 = −g. A similar way
shows that ∂H¯
∂ s¯ = g˙ − ∂L¯∂ s¯ + λ2, so from g˙ = ∂H¯∂ s¯ we have
λ2 = f . So if we have λ1 = −g and λ2 = f , then the
Hamiltonian equations coincide with the Lie equations of
SO(2).
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Now consider the dynamic behavior of the constraints.
First of all notice that
{φ1,φ2} = 1, {φ1,φ1} = 0.
Since φ˙1 = 0, φ˙2 = 0 and for i = 1, 2 we have {φi, H¯} ≈ φ˙i;
thus, the constraints satisfy the equations
{φ1, H¯} ≈ φ˙1 = 0, {φ2, H¯} ≈ φ˙2 = 0.
Conclusions
In this paper, we introduce a family of Lagrange functions
on the plane rotation group and verify that Euler-Lagrange
and Hamilton equations associated to each of these func-
tions must coincide with the Lie equations in the Lie
transformation group.
Competing interests
The author declares that he has no competing interests.
Acknowledgements
The author graefully acknowledges the support of this research provided by
University of Guilan.
Received: 11 March 2012 Accepted: 8 July 2012
Published: 31 August 2012
References
1. Goldstein, H: Classical Mechanics. Addison-Wesley, Cambridge (1950)
2. Paal, E, Virkepu, J: Plane rotations and Hamilton-Dirac mechanics
Czechoslovak. J. Phys. 55(11), 1503–1508 (2005)
3. Antonelli, PL, Hrimiuc, D: On the theory of φ-Lagrange manifolds with
applications in biology and physics. Nonlinear World. 3(3), 299–333 (1996)
doi:10.1186/2251-7456-6-31
Cite this article as: Azizpour: φ-Lagrangian and Hamiltonian mechanics
on SO(2).Mathematical Sciences 2012 6:31.
Submit your manuscript to a 
journal and beneﬁ t from:
7 Convenient online submission
7 Rigorous peer review
7 Immediate publication on acceptance
7 Open access: articles freely available online
7 High visibility within the ﬁ eld
7 Retaining the copyright to your article
    Submit your next manuscript at 7 springeropen.com
